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1
ILLINOTIS



Kalman Filter
Continuous time

Model:

dX; = AX¢dt + dB
dZy = CXedt + dWy

Kalman Filter:

P(X¢|Z;) is Gaussian N (X¢, $¢),

dXe = AX; dt + Ke(dZ: — C Xy dt)
dsy
dt

= ... (Riccati equation)
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Feedback Particle Filter (FPF)

Continuous time

Model:
dX; = a(X¢)dt + dB:
dZ; = h(X¢)dt + dWy
Feedback Particle Filter:
P(X;|Z:) =~ empirical dist. of {S*,..., SV},

_ h(S)) + hs

dS} = a(S})dt + dB! + Ki(S}) o (dZ; 5

dt)

(s1,...

T. Yang, R. S. Laugesen, P. G. Mehta, and S. P. Meyn. Multivariable feedback particle filter, Automatica, 2015
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Feedback Particle Filter (FPF)

Continuous time

Model:
dX; = a(X¢)dt + dB:
dZ; = h(X¢)dt + dWy
Feedback Particle Filter:
P(X;|Z:) =~ empirical dist. of {S*,..., SV},

_ h(S)) + hs

dS} = a(S})dt + dB! + Ki(S}) o (dZ; 5

dt)

5S¢ ~ P(X¢|Z:) (Exactness)

(s1,...

Uniqueness issue: There are infinitely many ways to construct Sf s.t exactness is satisfied

T. Yang, R. S. Laugesen, P. G. Mehta, and S. P. Meyn. Multivariable feedback particle filter, Automatica, 2015
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Feedback Particle Filter: Linear Gaussian Case
Exactness and uniqueness

Model:
dX; = AX,dt + dB;, Xo ~ N(Xo,%0),

dZy = CX¢ dt + dWre,

Feedback Particle Filter:

CSi+CS;

dS} = AS}dt+ dB} + K(dZ; — 5

at)

K¢ = 30T (Kalman Gain)

St,2¢ are mean and covariance of S}
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dX; = AX,dt + dB;, Xo ~ N(Xo,%0),

dZy = CX¢ dt + dWre,

Feedback Particle Filter:

CSi+CS;

dS} = AS}dt+ dB} + K(dZ; — 5

at)

K¢ = 30T (Kalman Gain)

S‘t,Et are mean and covariance of Sf
S¥~ N(X;, %) (Exactness)

m Exactness: The mean and covariance of Sz evolve according to Kalman filter equations
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Feedback Particle Filter: Linear Gaussian Case
Exactness and uniqueness

Model:
dX; = AX,dt + dB;, Xo ~ N(Xo,%0),

dZy = CX¢ dt + dWre,

Feedback Particle Filter:

CSi+CS;

dS} = AS}dt+ dB} + K(dZ, — 5

dt) + Q27 H(SE — Sy)
Kt := 2:CT (Kalman Gain)

S’t,Et are mean and covariance of Sf
S¥~ N(X;, %) (Exactness)
m Exactness: The mean and covariance of S,f evolve according to Kalman filter equations

= Non uniqueness: For any skew symmetric matrix {);, exactness is satisfied
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Objective of this talk

Model:
dX; = AX;dt+ dB:, Xo~ N(Xo,%0),
dZ; = CX¢dt + dWry,
Objective: Construct a unique process Sti s.t
S~ N(Xy, 5t)

where Xt and X; are given by Kalman Filter.
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Objective of this talk

Model:
dX; = AX;dt+ dB:, Xo~ N(Xo,%0),
dZ; = CX¢dt + dWry,
Objective: Construct a unique process Sé s.t
S~ N(Xy, 5t)

where Xt and X; are given by Kalman Filter.

Method: Optimal Transportation

prior posterior

Main idea: FPF is interpreted as transporting the prior to the posterior
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Optimal Transportation
Quadratic cost

H1 2

Problem: Given probability distributions p1 and pa:

Minimize J(T) = E [|T(X) — X|?], over maps T s.t

X ~pa, T(X)NAU‘Z

C. Villani, Topics in optimal transportation. American Mathematical Soc., 2003
L. C. Evans, Partial differential equation and Monge-Kantorovich mass transfer, Current developments in mathematics, 1997
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Optimal Transportation
Quadratic cost

H1 2

Problem: Given probability distributions p1 and pa:

Minimize J(T) = E [|T(X) — X|?], over maps T s.t

X ~pa, T(X)NAU‘Z

m If py is absoloutely continuous, there is a unique minimizer T

= The minimum value J(T*) is the Wasserstein distance between p1 and po

C. Villani, Topics in optimal transportation. American Mathematical Soc., 2003
L. C. Evans, Partial differential equation and Monge-Kantorovich mass transfer, Current developments in mathematics, 1997
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Optimal Transprtation: Gaussian case

N(X1,%4) N(X2,22)

Example: Optimal transport map between N()E'l7 31) and N(XQ,EQ)

& D% o
Scalar case: T*(z) = Xo + E—Z(x - X1)
V 1

C. Givens, et al., A class of Wasserstein metrics for probability distributions. Michigan Math. J, 1984.
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Optimal Transprtation: Gaussian case

N(X1,%4) N(X2,22)

Example: Optimal transport map between N()z'l7 31) and N(XQ,EQ)

& D% o
Scalar case: T*(z) = Xo + E—Z(x - X1)
V 1

Vector case : T*(z) = Xy + F(z — X1)

1 1 1 1
F=3%3(232152)7122

C. Givens, et al., A class of Wasserstein metrics for probability distributions. Michigan Math. J, 1984.
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Optimal Transport formulation of the FPF
Time Stepping Procedure

Objective: Construct a unique process S; that satisfy exactness,
St ~ P(X¢|Z).

Procedure:
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Optimal Transport formulation of the FPF
Time Stepping Procedure

Objective: Construct a unique process S; that satisfy exactness,
St ~ P(X¢|Z).
Procedure:

Divide the interval [0, %] into n time steps.

To Ty il
P NN S
/\ 7\ /1 _________ VA SA
to ty to th—1 tn
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Optimal Transport formulation of the FPF
Time Stepping Procedure

Objective: Construct a unique process S; that satisfy exactness,
St ~ P(X¢|Z).
Procedure:

Divide the interval [0, %] into n time steps.

Construct a discrete time process {Sp, S1,...,Sn},
Sk41=T; (Sk), So~ P(Xo)

where T7 is the optimal map between P(X;, |Z;, ) and P(Xtp s |Ztk+1 ).

T T g7
TN RS
SN N AT A
tO tl ta tn—l Up
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Optimal Transport formulation of the FPF
Time Stepping Procedure

Objective: Construct a unique process S; that satisfy exactness,
St ~ P(X¢|Z).
Procedure:

Divide the interval [0, %] into n time steps.
Construct a discrete time process {Sp, S1,...,Sn},
Sk41 =T (Sk), So ~ P(Xo)
where Ty, is the optimal map between P(Xy, |Z;, ) and P(Xy, | [Z1, ).

Take the continuous time limit

Ty T o
P NN S
SN N A ASRA
tO tl ta tn—l Up
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Result: Optimal Transport FPF in Linear Gaussian case (scalar) ]

Model:
dX; =aX;dt + dB;, Xo~ N(Xo,%0),

dZ; = c X dt + dWy,
Time stepping procedure:
FPF:

Opt. FPF:

An Optimal Transport Formulation of Linear FPF Amirhossein Taghvaei 9 /12



Result: Optimal Transport FPF in Linear Gaussian case (scalar)

Model:
dX; =aX;dt + dB;, Xo~ N(Xo,%0),

dZt = CXt dt + th,
Time stepping procedure:

FPF:

cSt + cS't dt

1 o
Opt. FPF:  dS; = aSedt+ (S — 51) dt + Ke(dZ — )
t
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Result: Optimal Transport FPF in Linear Gaussian case (scalar)

Model:
dX; =aX;dt + dB;, Xo~ N(Xo,%0),

dZt = CXt dt + th,

Time stepping procedure:

cSt + CSt dt

FPF: dS; =aS;dt+ dBs¢ =+ Kt(dZt — )

cSt + cS't dt

1 o
Opt. FPF:  dS; = aSedt+ (S — 51) dt + Ke(dZ — )
t
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Result: Optimal Transport FPF in Linear Gaussian case (scalar)

Model:
dX; =aX;dt + dB;, Xo~ N(Xo,%0),

dZt = CXt dt + th,

Time stepping procedure:

cSt + CSt dt

FPF: dS; =aS;dt+ dBs¢ =+ Kt(dZt — )

cSt + cS't dt

1 o
Opt. FPF:  dS; = aSedt+ (S — 51) dt + Ke(dZ — )
t

m The difference is the replacement of the stochastic term dB; with a deterministic term.
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Numerical Example

Monte Carlo
ds{ = dBj,
SE ~ N(0,1)

10

Optimal transport
) 1 S
dst = E(SZ — Sy)dt,
t

S8 ~ N(0,1)

10

-5

—100

Particles trajectory in one simulation

S~ N(0,141t)

An Optimal Transport Formulation of Linear FPF
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Numerical Example

Monte Carlo Optimal transport

. . . 1 q ~
ds; = dB;, dS; = o= (S; — Se) dt,
_ 2%,
Sg ~ N(0,1 .
b NOD S~ N(O,1)
--- Exact mean — Empirical mean
--- Exact mean — Empirical mean

0.4

0.4
0.2

) mo.zr

t 0.0 P g’
St oo

-0.2

-0.2
-0.4

-0.4

0 2 4 6 8 10
t 0 2 4 6 8 10
t

Empirical mean of particles in one simulation

a1
S = =35
t N ; t
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Numerical Example

Monte Carlo
ds{ = dBj,
S8 ~ N(0,1)

0.4

0.2 S

Optimal transport

. 1 q ~
dSi = — (S — ;) dt
St QEt (St St) )

SE ~ N(0,1)

& e
0.4
0.2
ool
T
—-0.4
0 2 4 6

Simulation variance as the number of particles vary

An Optimal Transport Formulation of Linear FPF

Var(,§'t(N)) = %

Amirhossein Taghvaei
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Numerical Example

Optimal transport
Monte Carlo ¥ &

) ) ) 1 o
dS; = dB;, dS; = —(S; — Sy) dt,
) 2%
K3 .
Sg ~ N(0,1) Si ~ N(0, 1)
= mc — OT]
10
§ 100\
S
S 10?
: \\\
S 102
o
3
£10° \\
(2]
1074 > 5 .
10 10 10 10

Number of particles

| Decrease in simulation variance |
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Linear Gaussian filtering
Vector case

Model:
dX,; = AX,dt + dB;, Xo ~ N(Xo,%0),

dZ; = CXydt + dWre,

Time stepping procedure:

FPF:

Opt. FPF:
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Linear Gaussian filtering
Vector case

Model:
dX,; = AX,dt + dB;, Xo ~ N(Xo,%0),

dZ; = CXydt + dWre,

Time stepping procedure:
FPF:

»t .
Opt. FPF: dS; = AS;dt + ; (St — St) dt + Kt(dZt —

+ Q2 (S — ) dt,

CSs + CS 4

2 D

An Optimal Transport Formulation of Linear FPF Amirhossein Taghvaei 11 /12



Linear Gaussian filtering
Vector case

Model:
dX,; = AX,dt + dB;, Xo ~ N(Xo,%0),

dZ; = CXydt + dWre,

Time stepping procedure:

CS¢ + CS;

FPF: dS; = AS,dt+ dB; +Ke(dZy — 5 dt),
»! " J
Opt. FPF: dS; = AS;dt + ; (St — St) dt + Kt(dZt — % dt)

+ Q2 (S — ) dt,
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Linear Gaussian filtering
Vector case

Model:
dX,; = AX,dt + dB;, Xo ~ N(Xo,%0),

dZ; = CXydt + dWre,

Time stepping procedure:

CS¢ + CS;

FPF: dS; = AS;dt+ dB; +Ke(dZy — — dt),
»l . 3
Opt. FPF: dS; = AS;dt + ; (St — St) dt + Kt(dZt — % dt)

+ Q2 (S — ) dt,

m () is the (skew symmetric) solution to the matrix equation:

1
Q7 40 =AT At 7 (KeC = CTKY)
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Final Slide

Summary

Optimal transport formulation of FPF (Linear Gaussian setting):
m Connecting optimal transportation and continuous time filtering
m Resolve the uniqueness issue

m Reduce the simulation variance

Ongoing work:
m Extend the formulation to nonlinear setting

m Optimal transport for continuous-discrete time filtering
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Exactness and uniqueness (back up)

Particles update: dS} = AS; dt + K(dZ; — CS;dt) — mean v

1 ) ~
+ (A— EKtC + QtEt_l)(Sf — S¢)dt + dBy —  covariance v/

d 1 1
Lyapunov equation: % = (A= KO+ Q.27 H 4+ 5(AT — 5CTKtT +x7tly 1

1 1
=A% + 3, AT — FKeODe — 5thTKtT + Qe+ +1

=A% + 5 AT — . cTesy + 1
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Finite N approximation

o 1 .
Som 5 25
=1
1
T — > (S 8;)?
Ni:l
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Uniqueness Issue
Examples

Example 1:
dS; =7 st S~ N(0,1+1t), with Xo ~ N(0,1)

Solution: L
dS; =d dSy = — S dt
St Wi £ om, Ot

{W}} is standard Wiener process. s s vaTeE o S
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Uniqueness Issue

Examples
Example 1:
dS; =? st Sy~ N(O, 1+ t), with X ~ N(O, 1)
Solution: L
dS; =d dS; = — S dt
St Wi £ om, Ot

{W}} is standard Wiener process. s s vaTeE o S

Example 2:
2 0 2 0
dS; =? st S;~ N(0, ), with Xo ~ N(0, )
0 1 0 1
Solution:
0 2
dSy = Sy dt dS; =0
-1 0
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