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Poisson Equation
Problem Definition

Poisson equation: A real-valued function φ satisfies Poisson equation if,

−
1

ρ
∇ · (ρ∇φ) = h− ĥ, on Rd

where

ρ is a probability density function

h is a real-valued function

ĥ =

∫
hρdx

In practice: ρ is not given. Only X1, . . . , XN i.i.d∼ ρ are known.

Objective: Design an algorithm with output φ(N) s.t φ(N) ≈ φ

Motivation:

1 Simulation and optimization theory for Markov
dels [Meyn, Tweedie, 2012]

2 Nonlinear filtering [Yang, et. al. 2015]
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Motivation: Nonlinear Filtering

Problem:

Signal model: dXt = a(Xt) dt+ dBt, X0 ∼ p0(·)
Observation model: dZt = h(Xt) dt+ dWt

What is posterior distribution of Xt given Zt := σ(Zs : 0 ≤ s ≤ t), i.e

P(Xt|Zt) =?

Solution:

Linear and Gaussian: Kalman filter

Nonlinear and non-Gaussian: (Approximate solutions) Extended Kalman filter, particle filter,
feedback particle filter, . . .
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Feedback Particle Filter

Idea:

Approximate P(Xt|Zt) with particles {X1, . . . , XN}
Update particles with a control law s.t

Xi
t ∼ P(Xt|Zt), ∀t > 0

Algorithm:

dXi
t = a(Xi

t) dt+ dBit + K(Xi
t) ◦

(
dZt −

h(Xi
t) + ĥ

2
dt

)
, for i = 1, . . . , N

ĥ = E[h(Xt)|Zt] ≈
1

N

∑
h(Xi

t)

K(x) = ∇φ(x), where φ is the solution to the Poisson equation

T. Yang, R. S. Laugesen, P. G. Mehta, and S. P. Meyn. Multivariable feedback particle filter, Automatica, 2015
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Poisson Equation in Nonlinear Filtering

Poisson equation: A real-valued function φ satisfies Poisson equation if,

−
1

ρ
∇ · (ρ∇φ) = h− ĥ, on Rd

where

ρ is the density of the posterior P(Xt|Zt),

h is the observation function

ĥ =

∫
hρdx

In practice: Only X1, . . . , XN ∼ P(Xt|Zt) are given

Objective: Design an algorithm with output φ(N) s.t φ(N) ≈ φ

R. S. Laugesen, P. G. Mehta, S. P. Meyn, and M. Raginsky. Poisson Equation in Nonlinear Filtering. SICON, 2015
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Poisson Equation: Existence and Uniqueness of the Solution

−
1

ρ
∇ · (ρ∇φ) = h− ĥ, on Rd

Hilbert space:

H1
0 (Rd; ρ dx) :=

{
φ : Rd → R

∣∣ φ ∈ L2
ρ,

∂φ

∂xi
∈ L2

ρ,

∫
φρ dx = 0

}
Weak form: φ ∈ H1

0 (Rd; ρ dx) is the weak solution of the Poisson equation if,∫
Rd

(∇φ · ∇ψ)ρ dx =

∫
Rd

(h− ĥ)ψρdx, ∀ψ ∈ H1
0 (Rd; ρ dx)

Existence and uniqueness: A unique weak solution in H1
0 (Rd; ρ dx) exists if,

1 h ∈ L2
ρ

2 ρ satisfies the Poincaré inequality

Poincaré inequality: ∃λ > 0 s.t∫
φ2ρ dx ≤

1

λ

∫
|∇φ|2ρ dx, ∀φ ∈ H1

0 (Rd; ρ dx)
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Numerical solution
Galerkin method

Weak form: ∫
Rd

(∇φ · ∇ψ)ρ dx =

∫
Rd

(h− ĥ)ψρdx, ∀ψ ∈ H1
0 (Rd; ρ dx)

Galerkin Method:

1 Write φ as linear combination of basis functions

φ = c1ψ1 + . . .+ cMψM

2 Construct a finite dimensional approximation of the weak form

Ac = b

where

Aml =

∫
Rd

(∇ψm · ∇ψl)ρ dx, bm =

∫
Rd

(h− ĥ)ψmρ dx

3 Solve the system of M linear equations for c = [c1, . . . , cM ]T

Issues:

1 Choice of the basis functions

2 M grows as d grows
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Numerical Examples
Galerkin method

Example I: X ∼ N(0, 1) and h(x) = x,
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Numerical Examples
Galerkin method

Example I: X ∼ N(0, 1) and h(x) = x,

−e
x2

2
d

dx
(e−

x2

2
dφ

dx
) = x, ⇒ φ = x
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Numerical Examples
Galerkin method

Example I: X ∼ N(0, 1) and h(x) = x,

Galerkin method with basis= {x}
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Numerical Examples
Galerkin method

Example II: X ∼ unif [−π, π] and h(x) = cos(x),

−2π
d

dx
(

1

2π

dφ

dx
) = cos(x), ⇒ φ = cos(x)
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Numerical Examples
Galerkin method

Example II: X ∼ unif [−π, π] and h(x) = cos(x),

Galerkin method with basis= {cos(x), sin(x)}
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Numerical Examples
Galerkin method

Example III: X ∼ N(−2.5, 1) +N(2.5, 1) and h(x) = x,

Galerkin method with basis= {x, x2, . . . , x6}
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Numerical Examples
Galerkin method

Example IV: X ∼
2

10
N(−1,

1

4
) +

5

10
N(0,

1

4
) +

3

10
N(1,

1

4
) and h(x) = x,

Galerkin method with basis= {x, x2, . . . , x6}
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Spectral Clustering

Unlabeled data: {X1, . . . , XN}
Objective: Identify groups of data that are similar

Spectral method:

1 Construct a graph where nodes are data points

2 Specify weights Wij for edges

3 Construct the graph Laplacian matrix

L = I −D−1W

4 Cluster according to the eigenvectors of L

U. Von Luxburg. ”A tutorial on spectral clustering”. Statistics and computing, 2007
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Gaussian Kernel

Gaussian kernel: Kij = exp(−
|Xi −Xj |2

4ε
)

Weights Limit of L as N →∞

[Belkin, 2003] Wij = Kij −∆ +O(ε), (∗)

[Coifman, Lafon, 2006] Wij =
Kij

(
∑
lKil)(

∑
lKjl)

−∆ +O(ε)

[Hein, 2007] Wij =
Kij

(
∑
lKil)

λ(
∑
lKjl)

λ − 1
ρs
∇ · (ρs∇ ) +O(ε), (∗∗)

(∗) True only if X ∼ unif

(∗∗) s = 2(λ− 1)

Intresting case: s = 1

Weighted Laplacian: −
1

ρ
∇ · (ρ∇ )

Review paper on weighted Laplacian [Grigoryan, 2007]
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Numerical Solution of the Poisson Equation
Graph Laplacian Based Method

Main idea:

−
1

ρ
∇ · (ρ∇φ) = h− ĥ ≈ Lφ = h− ĥ

Procedure:

1 Construct the weight and degree matrix

Wij =
Kij

(
∑
lKil)

1
2 (
∑
lKjl)

1
2

, Dij = δij
∑
l

Wil, A := D−1W

2 Construct the graph Laplacian matrix

L =
I −D−1W

ε

3 Solve a system of N linear equations

Lφ = h− ĥ

4 Approximate ∇φ
∂φ

∂xi
≈

1

2ε
(A(xiφ)−A(xi)A(φ))
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Numerics
Graph Laplacian method

Example I: X ∼ N(0, 1) and h(x) = x,
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Numerics
Graph Laplacian method

Example II: X ∼ unif [−π, π] and h(x) = cos(x),
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Numerics
Graph Laplacian method

Example III: X ∼ N(−2.5, 1) +N(2.5, 1) and h(x) = x,
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Numerics
Graph Laplacian method

Example IV: X ∼
2

10
N(−1,

1

4
) +

5

10
N(0,

1

4
) +

3

10
N(1,

1

4
) and h(x) = x,
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Numerics
Bimodal distribution, Varying Variance
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Classification Problem

Feature vector: X ∈ Rd

Label: Y ∈ {−1, 1}
Training data: {(X1, Y1), . . . , (XN , YN )}

Classifier: φ(x) =?
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Poisson Equation in Classification

Optimization: A classifier is obtained through optimization

φ(N) = arg min
φ∈Φ(N)

N∑
i=1

1

2
|∇φ(Xi)|2︸ ︷︷ ︸

Complexity penalty

−
N∑
i=1

φ(Xi)(Yi − Ŷ )︸ ︷︷ ︸
Linear loss

In the limit as N →∞:

φ = arg min
φ∈Φ

(∫
1

2
|∇φ|2ρ dx−

∫
φ(h− ĥ)ρ dx

)
where

ρ is the pdf generating data

h = E[Y |X] is the underlying labeling function

First order optimality condition:

−
1

ρ
∇ · (ρ∇φ) = h− ĥ,
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Numerical Examples
Poisson Equation in Classification

Example I Example II
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Numerical Examples
Poisson Equation in Classification

Example III Example IV
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Final Slide

Thank you!
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Consistency result
Kernels

Heat kernel:

kt(x, y) =
1
√

4πt
exp(−

|x− y|2

4t

Kε(φ)(x) :=

∫
kε(x, y)φ(y) dy = φ(x) + ε∆φ(x) +O(ε2)

Data dependent kernel:

Wε(x, y) =
kε(x, y)√

Kε(ρ)(x)
√
Kε(ρ)(y)

Aε(φ)(x) :=

∫
Wε(x, y)φ(y)ρ(y) dy∫
Wε(x, y)ρ(y) dy

= φ(x) + ε
1

ρ
∇ · (ρ∇φ)(x) +O(ε2)

Proof idea:
∂kε

∂ε
= ∆kε, lim

ε→0
kε = δ
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