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Nonlinear Filtering Problem
Signal model:  dX; = a(X;) dt + dB;,

Observation model:  dZ; = h(X;)dt + dW;
Problem: Whatis X; given Z; :=0(Zs: 0 < s < t)

Xo ~ po(-)

Answer in terms of posterior:  P(X;|Z;)

p(x,t)

]Rd
Posterior is solution to Kushner-Stratonovich PDE (hard to solve!)

Feedback Particle Filter

A system of N particles,

dX{ = a(X{)dt + dB; + K(X{, t)[ dZ

Posterior is approximated with particles,

dt|, fori=1,....N

N
1 .
P(Xi € AlZe) = & Y o[X{ €A, VAec BR
i=1

T. Yang, et al. TAC, (2013)
Objective of This Work

1. Reduce simulation variance
2. Connect to optimal transport
3. Examine optimality of FPF

Optimal Transportation

>

Let 1 and v be measures on R, and T a map from R to R?,
» [.u = v denotes the push-forward of . to v, I.e,
v(A) = u(T'(A)), VA e B(RY)
» Wasserstein distance between 1 and v is,

WEz(u,v) = mTin I T(x) — x|* du(x), st Tup=v
Rd

» The optimal transport map is the minimizer T*.
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Approach

1. Design an optimal control law U,
dX; = dUH( X))

such that )
P(Xi|Zt) = P(X¢|Z4)

2. Simulate N samples of X;,
dX{ = dU(X{), fori=1,...,N

Design am Optimal Control Law

1. Consider sampling instances {1y, ti, ..., t,} with fx,.1 — t, = At, and denote
Pk = Px, 12,
1y T1 Tn—l
TN 7 N
NN A A
to 7£1 tl2 t;z—l tn

2. Initialize X; according to true initial distribution,
Xo ~ Po

3. Find optimal transport map for each time step, tx — k.1,

I T(x) — x|* dPk(x), st TuPy = Py.;

Ty = arg min
T R”

4. Evolve X; according to the optimal map,
)N(l‘k+1 — Tk()N(l‘k)

5. Take the limit At — 0 ) o
dX; = dUi(X;)

Example: Linear Gaussian Filtering

Consider the linear filtering problem,
dXt — AXt df + dBt, X() ~ N(,LL(), Zo)
dZ; = CX;dt + dW,
where X; € R?, Z; ¢ R™, {B;} and {W;} are independent Brownian

motions, with ldentity covariance matrix, then the optimal control law for
this system is

dX; = Ajirdt + Ki(dZ — Cjirdt) + Gi(X; — fir) dt,  Xo ~ N(po, Xo)
where
Ki=Y:C", j=E[X], X:= Cov[X]
and G; is the unique solution to the following equation,
Gii+Y,G=A+ AT+ 1-%,C'Cy;

Scalar case: In the case X;, Z; € R, we have

y y 1 ¢ . % -
dXt = AXpdt + + = (Xt — fir) df + Ki( dZ; CXi + Ci

dt), Xo~ N(ug, X
%, 5 ), Xo ~ N(uo, o)

Numerical Example
Consider the diffusion,
dX; = dB;, Xo~ N(0,1)

where {B;} is the standard Brownian motion. In this example we
compare Monte-Carlo with optimal transportation to approximate Py..

Monte-Carlo Optimal transport

dX/ = dwj, X§'"% N(0,1) dX; = —w (Xt — Ay, X5 N, 1)
2Y

fori=1,..., N where fori=1,..., N where

(W, ..., {W/}are ind. W.P

Approximation:
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Figure : Simulation variance for E[X{] Figure : Simulation variance for E[X?]

Future Work

» Extend to nonlinear case
» Find an optimization formulation
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