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Data-driven implementation of Bayes’ law

Problem:

m Hidden state X, noisy observation Y

= What is the conditional probability distribution of X given Y'? (posterior)

Px Py|x

Bayes’ law: Px|y = =
Y

Data-driven setting:
m Px y is not available.
Given: (X', Y)Y, " pPxy

Goal: generate samples from Px|y—, for any y
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Limitations of the existing solutions
Ensemble Kalman filter (EnKF)

Setup:
= X ~N(0,1)

m Y:%Xz—i-eW

® Px|y=1 =7
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Limitations of the existing solutions
Ensemble Kalman filter (EnKF)

= EnKF:
m (XY~ Pxy

= fit a Gaussian

= X ~N(0,1)
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Limitations of the existing solutions
Ensemble Kalman filter (EnKF)

= EnKF:
= X ~N(0,1) s (X', V%) ~ Pxy
mY = %Xz + W = fit a Gaussian

m Pxy—; =? m conditioning formula for Gaussians
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Limitations of the existing solutions
Importance sampling (IS) particle filter

Example:
= X ~N(0,1)

] Y:%XQ—FeW

u PX\Y:l =7
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P. Bickel, B. Li, and T. Bengtsson, Sharp failure rates for the bootstrap particle filter in high dimensions (2008).
P. Rebeschini and R. Van Handel, Can local particle filters beat the curse of dimensionality? The Annals of Applied Probability, (2015)
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Limitations of the existing solutions
Importance sampling (IS) particle filter

Example: Importance sampling (IS):
i iid
= X ~N(0,1) = XORON(0,1)
1 i
IY:§X2+6W " w O(PY:1|X:Xi
N
®m Pxjy—1 =7 Z i
=il | | PX|Y:1 ~ wzéxi
i=1
Prior distribution Likelihood distribution
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small noise regime: ¢ — 0

Posterior distribution
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This is the main reason for the curse of dimensionality of 1S-based particle filters
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Control or dynamical system techniques

Approximate McKean-Vlasov representations [Crisan & Xiong 2010]
Particle flow filters [Daum et. al. 2010]
A dynamical systems framework for data assimilation [Reich. 2011]

Mean-field control approach [Yang, Mehta, Meyn, 2011]
— Feedback Particle Filter (FPF)

Posterior Matching via optimal transportation [Ma & Coleman, 2011]

Bayesian inference with optimal maps [El Moselhy & Marzouk, 2012]
Ensemble Kalman methods: a mean field perspective [Calvello et. al. 2022]

Coupling techniques for nonlinear ensemble filtering [Spantini et. al. , 2022]
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Our approach: Conditioning with optimal transport map
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Conditioning with transport maps

T
Py /> Px\y

PEPYS ° e oo oo

X'~ Px — T(X',y) ~ Pxjy=y
Example:
= Consider Y = X. Then, Px|y—, = 4, is represented by the map T'(z,y) =y
m Consider jointly Gaussian (X,Y"). Then Px|y—_, is represented by the (stochastic)
map X » X+ K(y—-Y)
Questions: In a general setting,
m does the map exists?

m how to numerically find it?
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Monge problem and Brenier's result

m Given two random variables U ~ Py and V ~ Py

A. Vardhan Makkuva, A. Taghvaei, J. D. Lee, S. Oh, “Optimal transport mapping via input convex neural networks”, ICML,. 2020
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m Given two random variables U ~ Py and V ~ Py
m find a map = — T'(z) that transports Py to Py, i.e. Ty Py = Py
= with minimal transportation cost ||T'(z) — z|*
Questions:
m Does the optimal map exists? Yes, as long as Py admits Lebesgue density

m How to numerically find it? semi-dual Kantorovich problem

max myin E %uT(U) —U|? - f(T)) + f(V)

A. Vardhan Makkuva, A. Taghvaei, J. D. Lee, S. Oh, “Optimal transport mapping via input convex neural networks”, ICML,. 2020
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Conditioning with optimal transport map
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Conditioning with optimal transport map
lllustrative example
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Conditioning with optimal transport map
Variational formulation of Bayes' law

Px Py|x

Bayes’ law: Px|y = iz
y

M. Al-Jarrah, N. Jin, B. Hosseini, A. Taghvaei, “Nonlinear Filtering with Brenier Optimal Transport Maps”, ICML, 2024.
B. Hosseini, A. Hsu, A. Taghvaei, “Conditional Optimal Transport on Function Spaces”, SIAM/ASA Journal on Uncertainty Quantification, 13(1), 304-338.
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Conditioning with optimal transport map
Variational formulation of Bayes' law

Px Py|x

Bayes’ law: Px|y = iz
y

T(5Y)#Px

Conditional semi-dual Kantorovich formulation:
1 - _ _
max min E | 2| T(X,Y) = X|I* = f(T(X,¥),Y) + f(X;Y)

solved from samples - T, f represented by neural networks

M. Al-Jarrah, N. Jin, B. Hosseini, A. Taghvaei, “Nonlinear Filtering with Brenier Optimal Transport Maps”, ICML, 2024.
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Conditioning with optimal transport map
Variational formulation of Bayes' law

Px Py|x

Bayes’ law: Px|y = iz
y

T(5Y)#Px

Conditional semi-dual Kantorovich formulation:

max win B | 2 T(X,Y) = X|* = [(T(X,Y),¥) + /(X;Y)

Computational properties:
= Only requires samples (X;,Y;) ~ Pxy (data-driven/simulation based)

m Enables construction of “approximate” posterior distributions

m Allows application of ML tools (stochastic optimization and neural nets)

M. Al-Jarrah, N. Jin, B. Hosseini, A. Taghvaei, “Nonlinear Filtering with Brenier Optimal Transport Maps”, ICML, 2024.
B. Hosseini, A. Hsu, A. Taghvaei, “Conditional Optimal Transport on Function Spaces”, SIAM/ASA Journal on Uncertainty Quantification, 13(1), 304-338.
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Conditioning with optimal transport map
Theoretical analysis

m Variational problem: e mTin J(f,T; Px,y)

= max-min optimality gap: e(f,T)

(Conditional) Brenier's theorem
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= max-min optimality gap: e(f,T)

(Conditional) Brenier's theorem

m (Well-posedness) If Px admits (Lebesgue) density, then, there exists a unique pair
(fT,TT) that solves the variational problem and

T'(,y)#Px = Pxjy—y, ae y

m (Sensitivity) Let (f,T") be a possibly non-optimal pair. Assume

T §||$||2 — f(z,y) is a-strongly convex for all y. Then,

d(T(-,Y)#Px, Pxy) < ge(f,T).

M. Al-Jarrah, N. Jin, B. Hosseini, A. Taghvaei, “Nonlinear Filtering with Brenier Optimal Transport Maps”, ICML, 2024.
B. Hosseini, A. Hsu, A. Taghvaei, “Conditional Optimal Transport on Function Spaces”, SIAM/ASA Journal on Uncertainty Quantification, 13(1), 304-338
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Conditioning with optimal transport map
Statistical error analysis é(,y) =3[ |I” = f(,y) and T = V¢

(population limit) ¢' :=argmin E [¢(X,Y) + ¢*(X,Y)]
peCVX,

N
(empirical minimization) ¢ := argmin L Z &(X:,Y:) + " (X3, Vi)
ser N

i=1

M. Al-Jarrah, B. Hosseini, N. Jin, M. Martino, A. Taghvaei, “Error Analysis of Triangular Optimal Transport Maps for Filtering”, arXiv:2510.19283 (2025)
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Conditioning with optimal transport map
Statistical error analysis é(,y) =3[ |I” = f(,y) and T = V¢

(population limit) ¢' :=argmin E [¢(X,Y) + ¢*(X,Y)]
peCVX,

N
(empirical minimization) ¢ := argmin L Z &(X:,Y:) + " (X3, Vi)
ser N

i=1
Theorem
Assume,

= Boundedness: sup ||¢||z~ < R < o0
beF

= Regularity: For all ¢ € F and a.e. y, ¢(-,y) is a-strongly convex and S-smooth
m Complexity control: log N (8, F, || - ||ze) < Cr6~ " log(1+61)
Then,

b V.ol |2 B, IRV R2B>Cr
E[|IV26 — Vao'l2] < (const) | = inf [Veg = Vel + ) 5

Approximation Bias Generalization error.

M. Al-Jarrah, B. Hosseini, N. Jin, M. Martino, A. Taghvaei, “Error Analysis of Triangular Optimal Transport Maps for Filtering”, arXiv:2510.19283 (2025)
Amirhossein Taghvaei 12 /29




Computational properties
Scalability with the dimension: X ~ N(0,14), Y =X 0 X + W

Prior True  mmm OTF
.é' 2 2 2 2 2
@
5 1 1 1
o 8 1
© - o 2 © -2 o 2 G -2 0 2 © -2 o 2 2 -2 o 2
X(1) X(2) X(3) X(4) X(5)

dim =5 — number of modes = 32
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Computational properties
Scalability with the dimension: X ~ N(0,14), Y =X 0 X + W

Prior True  mmm OTF
22 2 2 2 2
@
GC) 1 1 1
a 1 1
O 0 2 e -2 o 2 © -2 o 2 O -2 o 2 O -2 0
X(1) X(2) X(3) X(4) X(5)
22 2 2 2 2
@
c
8 1 1 1 1 1
O - 0 2 © o 2 © -2 o 2 O -2 o 2 O -2 0
X(6) X(7) X(8) X(9) X(10)

dim = 10 — number of modes = 1052
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Computational properties
Scalability with the dimension: X ~ N (0,13), Y =X 0 X + W

Prior

True

B OTF

_—'zl.'“"é_

0
X(3)

:

[

2

o
X(4)

[]
X(5)

[)
X(8)

:
3

[
X(9)

3
X(10)

0
X(13)

:
i

[
X(14)

[
X(15)

JZ_T_‘Z, ‘ﬂ‘_u‘%
X(1) X(2)
4—'2‘-—_6_1_27 ‘_al—a‘lr
X(6) X(7)
‘_J‘W‘Lz ‘-ZI_O‘L
X(11) X(12)
‘-zLolz_ ‘-zLo”‘Lz—
X(16) X(17)

dim =20 —

[]
X(18)

number of modes

:
g

[
X(19)

~
~

1000000

0
X(20)
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Nonlinear filtering problem

Model:

dynamic: Xy = a(Xi—1,V4)
observation: Y; = h(Xy, Wy)
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Nonlinear filtering problem

Model:
dynamic: Xy = a(Xi—1,V4)
observation: Y; = h(Xy, Wy)
Questions: Given history of observation Yi.; := {Y1,...,Y:},

m What is the most likely value of X;7?
= What is the probability of X; € A?
m What is the best m.s.e estimate for X;?
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Nonlinear filtering problem
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observation: Y; = h(Xy, Wy)
Questions: Given history of observation Yi.; := {Y1,...,Y:},

m What is the most likely value of X;7?
= What is the probability of X; € A?
m What is the best m.s.e estimate for X;?

Answer: given by the conditional distribution 7; = Px,|y,,, (posterior)

Amirhossein Taghvaei 14 / 29



Nonlinear filtering problem

Model:
dynamic:  X; = a(X¢-1, V%)
observation: Y; = h(Xy, Wy)
Questions: Given history of observation Yi.; := {Y1,...,Y:},

m What is the most likely value of X;7?

= What is the probability of X; € A?

m What is the best m.s.e estimate for X;?
...

Answer: given by the conditional distribution 7; = Px,|y,,, (posterior)

Nonlinear filtering: generate samples from the posterior 7; for all ¢.

{Xti}«fil ~ Tt

Amirhossein Taghvaei 14 / 29



Optimal Transport Filter (OTF)
Design

Two important operations:

. dynamics
Propagation: © — Ax

Bayes law
Conditioning: ™ —— By, ()

M. Al-Jarrah, N. Jin, B. Hosseini, A. Taghvaei, “Nonlinear Filtering with Brenier Optimal Transport Maps”, ICML, 2024.
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Optimal Transport Filter (OTF)
Design

Two important operations:
. dynamics
Propagation: © — Ax

Bayes law
Conditioning: ™ —— By, ()

Update law for the exact posterior:
propagation:

Tt|t—1 = Ami_1

conditioning: ¢ = By, (Tst—1)

M. Al-Jarrah, N. Jin, B. Hosseini, A. Taghvaei, “Nonlinear Filtering with Brenier Optimal Transport Maps”, ICML, 2024.
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Optimal Transport Filter (OTF)
Design

Two important operations:

. dynamics
Propagation: © — Ax

Bayes law
Conditioning: ™ —— By, ()

Update law for the exact posterior:
propagation: myp—1 = Ame_1
conditioning:  m; = By, (myj¢—1)

OT filter:

propagation:  Xj,_1 = a(X{_1,V¢), Y1 =h(X{_1, W)

conditioning: X = Tt(XZ“_hYD

where T + maxmin J(f, T, {XZe—1, Yje—1}it1)

M. Al-Jarrah, N. Jin, B. Hosseini, A. Taghvaei, “Nonlinear Filtering with Brenier Optimal Transport Maps”, ICML, 2024.
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Optimal Transport Filter
Algorithm

Algorithm

Initialize:
= particles {X{}Y, ~ mo

m neural nets f, T

Fort=1tot=1T do:
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Optimal Transport Filter
Algorithm

Algorithm

Initialize:
= particles {X{}Y, ~ mo

m neural nets f, T

Fort=1tot=1T do:
= propagation: X{j,_; = a(X{_, ;") and Yij,_, = h(Xje—1, W{)

= optimization: (Tt,ft)el}la}(gpm J(f, T, Z Xy Vi 1))

= conditioning: X; = T4(X{),_1,Y?)

Remarks:

= No need for analytical form of the dynamic and observation models
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Optimal Transport Filter
Algorithm

Algorithm

Initialize:
= particles {X{}iL, ~ mo

m neural nets f, T

Fort=1tot=1T do:
= propagation: X{j,_; = a(X{_, ;") and Yij,_, = h(Xje—1, W{)

= optimization: (7}, f;) <—I;1a}<¥1m J(f, T, Z Xy Vi 1))

= conditioning: X; = T4(X{),_1,Y?)

Remarks:
= No need for analytical form of the dynamic and observation models

m In practice, only a few iterations of the optimization is performed

Amirhossein Taghvaei 16 / 29



Optimal Transport Filter
Numerical example

Xt:(lfa)Xt_1+Uv‘/t, Xo NN(O,l),
Yy = X¢ + ow W,

M. Al-Jarrah, N. Jin, B. Hosseini, A. Taghvaei, “Nonlinear Filtering with Brenier Optimal Transport Maps”, ICML, 2024.

Amirhossein Taghvaei 17 /29



Optimal Transport Filter
Numerical example

Xe=(01—-a)X¢—1+ovVe, Xo~N(0,1),
Y = X¢ + ow Wy,

0

" ---- True state 10 ---- EnKF

Y —— ot

c 0 ™S <~ | v .

w SIR
=5

mse

5 o vw N/ N ” o)
-5
1071y o 4 * .
Z o W ’\/L/\f\f\,x\v [V ANV Ay
-5

0 1 2 3 4 5 0 1 2 3
time time

4 5

= Ensemble Kalman filter (EnKF)
= sequential importance re-sampling (SIR)

= Optimal Transport (OT)

M. Al-Jarrah, N. Jin, B. Hosseini, A. Taghvaei, “Nonlinear Filtering with Brenier Optimal Transport Maps”, ICML, 2024.
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Optimal Transport Filter
Numerical example

Xt=(1—a)Xt,1+oth, Xo NN(O,].),
Y = X[ 4+ ow Wy,

v, ---- True state NS
< . P N oo~
A V e
y SN
' 04 ™

EnKF

oT
MMD

SIR

3
time time

= Ensemble Kalman filter (EnKF)

= sequential importance re-sampling (SIR)

= Optimal Transport (OT)

M. Al-Jarrah, N. Jin, B. Hosseini, A. Taghvaei, “Nonlinear Filtering with Brenier Optimal Transport Maps”, ICML, 2024.
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Computational properties
Sample and time complexity,

20 i

\,9103 4
. 18] Y\ Toeew 105
v \ -0 .

\‘\\V 16 ‘\\ \\\‘]V-o
— RIS -7~ EnKF
--v-- EnKF . . —a- SR
=== &I = e OTF
~-e-- OTF . .

0.8
0.6 *
W
\‘\_\ '.
0.4 -
108 10-4 16-3 10-2 10-1 100

computational time

m dim = 2: OTF outperforms SIR when N is small

M. Al-Jarrah, B. Hosseini, A. Taghvaei, “Fast filtering of non-Gaussian models using amortized optimal transport maps.” L-CSS, pp. 1670-1675, 2025
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Computational properties
Sample and time complexity,

45 45 m
. Ha
102, Tem
4.0 4.0 103 i‘64
T v
10° 6
35 - 35 10
= =~ SIR s
3.0 e~ OTF 30{ | ~®- SIR
—e- OTF
25 25
o-.. *
20 \‘\. _________ R R . 20 Ib'
107 6 1ot 10° T0¢ 16 6 162 0 o0
N

computational time

m dim = 8: SIR hits the memory limit

M. Al-Jarrah, B. Hosseini, A. Taghvaei, “Fast filtering of non-Gaussian models using amortized optimal transport maps.” L-CSS, pp. 1670-1675, 2025
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Computational properties
Sample and time complexity, speed-up with amortization (A-OTF)

45 45 "ij‘i ________ ..__\“-‘\\
0%, 7 —-.
4.0 4.0 3 B
10 104 —_
10° 106
35 “v-- EnKF 35
= =~ SIR s
3.0 —-e—- OTF 3.0
—+— A-OTF
25 25
!
2.0 20 ’\\’J’
102 103 10° 10° 10° 1074 1073 102 107! 10°
N computational time

m A-OTF speeds up OTF while maintaining accuracy

M. Al-Jarrah, B. Hosseini, A. Taghvaei, “Fast filtering of non-Gaussian models using amortized optimal transport maps.” L-CSS, pp. 1670-1675, 2025
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Performance on benchmarks
Lorentz 63

X:(1) o(X:(2) — X (1))
Xe(2)| = | Xe(D)(p — X:(3)) — Xe(2)

X:(3) X (1) Xe(2) — BX4(3)

Y: = X¢(3) + oWy, =1
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Performance on benchmarks

Lorentz 63

o patices X truestate attractor Nparticles = 1000 ¢=0.00
EnKF SIR OTF (ours)

40 off frame: 4/1000 off frame: 4/1000 off frame: 4/1000

0

20
-0
40
D 0 P -0 0 P -0 0 n

X1 X1 1

102 -

[cocee EnkF v SR == OTF
=10 St =0
7w

0 2 4 6 B 10 R 14
time

Amirhossein Taghvaei

19 /29



Numerical example: Image in-painting

True image

Observed part

Eaom

X ~ N(0, I100),
Y: = h(G(X), ct) + Wy,

G : R™ — R®®*?83(pre-trained generator)

EnKF oT

O 0OCMZ 332
0600
0 0003203
00 602333



Numerical example: Image in-painting

~ N(0, I100),

X
Yi

yee) + We,

h(G(X)

G : R0

— R*®*28(pre-trained generator)

oT
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Extension to Riemannian manifolds
McCann's result

m Assume X € M with metric g and geodesic distance dg

D. Grange, M. Al-Jarrah, R. Baptista, A. Taghvaei, T. Georgiou, S. Phillips, A. Tannenbaum, Computational optimal transport and filtering on Riemannian
manifolds, IEEE Control Systems Letters, 2023
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m Replace the Euclidean distance with the geodesic distance
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Extension to Riemannian manifolds
McCann's result

m Assume X € M with metric g and geodesic distance dg
m Replace the Euclidean distance with the geodesic distance

m Replace T'(z,y) with exp, (U(z,y)) where U(x,y) € To M
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Extension to Riemannian manifolds
McCann's result

m Assume X € M with metric g and geodesic distance dg
m Replace the Euclidean distance with the geodesic distance
m Replace T'(z,y) with exp, (U(z,y)) where U(x,y) € To M

x| min B (2, (expx (UK, V), X - f(exps (U(X,Y)), Y) + f(XY)

D. Grange, M. Al-Jarrah, R. Baptista, A. Taghvaei, T. Georgiou, S. Phillips, A. Tannenbaum, Computational optimal transport and filtering on Riemannian
manifolds, IEEE Control Systems Letters, 2023
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Numerical examples

m 0 € S is robot's orientation and Y is noisy measurement of distance to the wall

—— Pg (prior)
—— Pgjy (exact posterior)

_— ﬁg\v (est. posterior)

* Robot location
*  Room center

D. Grange, M. Al-Jarrah, R. Baptista, A. Taghvaei, T. Georgiou, S. Phillips, A. Tannenbaum, Computational optimal transport and filtering on Riemannian
manifolds, IEEE Control Systems Letters, 2023
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Numerical examples

m (z,0) € SE(2) is robot’s position and orientation.

prior
est. posterior
True orientation

—— Py (prior)
—— Py (posterior)
- exact distance

D. Grange, M. Al-Jarrah, R. Baptista, A. Taghvaei, T. Georgiou, S. Phillips, A. Tannenbaum, Computational optimal transport and filtering on Riemannian
manifolds, IEEE Control Systems Letters, 2023
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Outline

m Foundations
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m Data-driven setting
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Data-driven setting

Problem setup:
X: =a(Xi-1, Vi), Xor~mo
Y, = h(X:, We)

m X is the state
m Y; is the observation

m the dynamic and observation models are unknown
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Data-driven setting

Problem setup:
X: =a(Xi-1, Vi), Xor~mo
Y: = h(Xy, Wi)

m X is the state
m Y; is the observation

m the dynamic and observation models are unknown
Objective:
given: {Xéa (Xfa Ylj)a oy (Xt]f7}/t]f)}3]:1

compute: 7 := P(X¢|Ys, ..., Y1), Vt>0

for a new set of observations {Y%,...,Y1}
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Data-driven setting
Solution approach

m Exact posterior:

Tt 1= ]P)XONWO (thiftg ey Yi)

M. Al-Jarrah, B. Hosseini, A. Taghvaei "Data-driven approximation of stationary
and Control (CDC). 2024.

Amirhossein Taghv: 24 /29
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Data-driven setting
Solution approach

m Exact posterior:
e = Pxgrmg (Xt|Yta ceey Yl)
m Step 1: Truncated posterior

ﬂ-i‘;s = PXSNH(XAY;’ 000 7Y:9+1)

M. Al-Jarrah, B. Hosseini, A. Taghvaei “Data-driven approximation of stationary
and Control (CDC). 2024.
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Data-driven setting
Solution approach

m Exact posterior:
e = Pxgrmg (Xt|Yta ceey Yl)
m Step 1: Truncated posterior
s = PXSNH(XAY;’ o 7Y:9+1)
m Step 2: OT representation
ﬂ—fs :T(7Y277)/;)#M where

T r}leax mln J(f,T; Px,Ys,.... Yoy 1)

M. Al-Jarrah, B. Hosseini, A. Taghvaei “Data-driven approximation of stationary
and Control (CDC). 2024.
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Data-driven setting
Solution approach

Exact posterior:
T - = ]P)XONWO(XAE, ey Yl)
m Step 1: Truncated posterior

s = PXSNH(XAY;’ o 7Y:9+1)

Step 2: OT representation

e =T(,Y:,...,Ys)#u  where

T r}1€ax mln J(f,T; Px,Ys,.... Yoy 1)

m Step 3: Stationary assumption

Px, vi,...vo1 = Pxy.vy,...vy where w:=t—s

M. Al-Jarrah, B. Hosseini, A. Taghvaei “Data-driven approximation of stationary
and Control (CDC). 2024.
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Data-driven setting
Solution approach

Exact posterior:
T - = ]P)XONWO(XtD/t, ey Yl)
m Step 1: Truncated posterior

Ti,s *— PXSNH(XAYVM o 7Y:9+1)

Step 2: OT representation

e =T(,Y:,...,Ys)#u  where

T(—I}leaxman(f,T Px,vy,....Yoi1)

m Step 3: Stationary assumption

Px, vi,...vo1 = Pxy.vy,...vy where w:=t—s

Step 4: Use training data to approximate Px,,,v,,....v;

M. Al-Jarrah, B. Hosseini, A. Taghvaei “Data-driven approximation of stationary
and Control (CDC). 2024.

Amirhossein Taghvaei 24 /29
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Data-driven setting

Error analysis

Assume

M. Al-Jarrah, B. Hosseini, A. Taghvaei "Data-driven approximation of stationary
and Control (CDC). 2024.

filters with optimal transport maps” IEEE Conference on Decision
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Data-driven setting

Error analysis

Assume

m The exact filter is exponentially stable

M. Al-Jarrah, B. Hosseini, A. Taghvaei "Data-driven approximation of stationary
and Control (CDC). 2024.
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Data-driven setting

Error analysis
Assume
m The exact filter is exponentially stable

m The process (X, Y;) is stationary

M. Al-Jarrah, B. Hosseini, A. Taghvaei "Data-driven approxi ion of stationary
and Control (CDC). 2024.
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Data-driven setting

Error analysis
Assume
m The exact filter is exponentially stable
m The process (X, Y;) is stationary
= 4 is equal to the stationary distribution of X; and M := sgp d(me, 1) < 00

M. Al-Jarrah, B. Hosseini, A. Taghvaei “Data-driven approximation of stationary
and Control (CDC). 2024.
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Data-driven setting

Error analysis

Assume
m The exact filter is exponentially stable
m The process (X, Y;) is stationary
= 4 is equal to the stationary distribution of X; and M := sgp d(me, 1) < 00

m (f,T) is a possibly non-optimal pair with max-min gap e(f,T")

M. Al-Jarrah, B. Hosseini, A. Taghvaei “Data-driven approximation of stationary nonlinear filters with optimal transport maps” IEEE Conference on Decision
and Control (CDC). 2024.
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Data-driven setting

Error analysis

Assume
m The exact filter is exponentially stable
m The process (X¢,Y;) is stationary
= 4 is equal to the stationary distribution of X; and M := sgp d(me, 1) < 00

(f,T) is a possibly non-optimal pair with max-min gap (f,T)

. 1 .
m The function z — §||:c||2 — f(z,Yw, - --,y1) is a-strongly convex for all (yw,...,y1).

M. Al-Jarrah, B. Hosseini, A. Taghvaei “Data-driven approximation of stationary nonlinear filters with optimal transport maps” IEEE Conference on Decision
and Control (CDC). 2024.
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Data-driven setting

Error analysis

Assume
m The exact filter is exponentially stable
m The process (X¢,Y;) is stationary
= 4 is equal to the stationary distribution of X; and M := sgp d(me, 1) < 00

m (f,T) is a possibly non-optimal pair with max-min gap e(f,T")

. 1 .
m The function z — §||:c||2 — f(z,Yw, - --,y1) is a-strongly convex for all (yw,...,y1).

Then,
d(T(7}/t7 °o '7)/15—’10)#,“'7 7Tt) < CM(I - )‘)w + \l gs(fa T)

M. Al-Jarrah, B. Hosseini, A. Taghvaei "Data-driven approximation of stationary li filters with optimal transport maps” IEEE Conference on Decision
and Control (CDC). 2024.
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Numerical example

Model:
X =aXi—1+ Vi
Y: = h(X:) + oW,
M. Al-Jarrah, B. Hosseini, A. Taghvaei “Data-driven approxi ion of stationary li filters with optimal transport maps” IEEE Conference on Decision

and Control (CDC). 2024.
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Numerical example

Model:
Xi=aXi—1+ 0V
Yi=Xi+oW,

KF

True state ~-- EnKF

EnKF
°

OTPF
°

-0 time

OT-DDF
°

SIR
°

100 150 200 250 300 350 400 0 10 20 30 40 50
time w

filters with optimal transport maps” IEEE Conference on Decision

M. Al-Jarrah, B. Hosseini, A. Taghvaei “Data-driven approximation of stationary
and Control (CDC). 2024.
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Numerical example

Model:

X
Y:

aXi—1+oV;
Xt2 + oWy

10
n
w AAAN A A " . 6x107
£ 0 ! EnkF
VWuV! A -
s v WA 10 oer
“10 o SR
* 250100 pr——
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Comparison with other generative models
Methods

Filter Transport/coupling Learning Inference

Transport-based: learn a single map from prior to posterior; sampling is one-shot
OTF OT map T adversarial (max min) one-shot

KRF KR map S maximum likelihood one-shot, bisection

= Optimal Transport Filter (OTF)
= Knothe-Rosenblatt rearrangement Filter (KRF)
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Comparison with other generative models
Methods

Filter Transport/coupling Learning Inference

Transport-based: learn a single map from prior to posterior; sampling is one-shot
OTF OT map T adversarial (max min) one-shot

KRF KR map S maximum likelihood one-shot, bisection

Flow-based: learn a continuous-time dynamics; sampling integrates an ODE/SDE

FMF deterministic interpolant regression ODE, Euler steps
SIF stochastic interpolant regression ODE, or SDE
SBF fwd/bwd drifts minimum energy (reversed) SDE

= Optimal Transport Filter (OTF)

= Knothe-Rosenblatt rearrangement Filter (KRF)
m Flow Matching Filter (FMF)

= Stochastic Interpolant Filter (SIF)

m Schrédinger Bridge Filter (SBF)
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Comparison with other generative models
Numerical comparsion

OTF FMF SIF-ODE SIF-SDE

5.0 Reference (SIR) EnkF
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m Representing multi-modal uncertainty
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Comparison with other generative models

Numerical comparsion

eference (SIR) EnkF SIR OTF FMF SIF-ODE SIF-SDE SBF KRF
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m Regularity of particle trajectories
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Comparison with other generative models
Numerical comparsion

O no online training
10°
0.6
o~
=
A
o 0.4
--- sampling floor —4— KRF
—4— EnkF FMF
—4- SIR —4— SIF-ODE
—4- OTF ~4~ SIF-SDE 0.3 sampling floor 0.1125
—4— SBF EnKF 0.9108 @ 0.54 ms/step
10! SIR 1.3427 @ 0.44 ms/step
2 6 10 16 20 30 40 1072 107t 100 10t

state dimension n online time per step (s)

m Scaling with dimension and accuracy-compute trade-off
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