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Feedback Particle filter

Filtering in continuous time

Kalman Filter:
dX; = AX,dt + dB;
dZy = HX¢dt + dWy
P(X¢|Z:) = Gaussian N(X¢, 5¢),

dXt = AXt dt + Kt(dZt — HXt dt)
dXy
dt

= ... (Riccati equation)

T. Yang, R. S. Laugesen, P. G. Mehta, and S. P. Meyn. Multivariable feedback particle filter, Automatica, 2015
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Feedback Particle filter
Filtering in continuous time
Kalman Filter:
dX; = AX¢dt + dBy
dZ;y = HX¢dt + dWy
P(X¢|Z;) = Gaussian N(X't, 3t),

dX; = AX; dt + K¢ (dZy — HX dt)
ds;
dt

= ... (Riccati equation)

Feedback Particle Filter:

dX; = a(Xt) dt + dB:
dz; = h(Xt) dt + dW;

P(X¢|Z:) ~ empirical dist. of {X',..., XN},
dX! = a(X?)dt 4+ dB}

: h(X}) +h
+ Ke(XH) o (dZs — %

VAN

{x',...,x"}

dt)

T. Yang, R. S. Laugesen, P. G. Mehta, and S. P. Meyn. Multivariable feedback particle filter, Automatica, 2015
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Feedback Particle filter
Filtering in continuous time
Kalman Filter:
dX; = AX¢dt + dBy
dZ;y = HX¢dt + dWy
P(X¢|Z;) = Gaussian N(X't, 3t),

dX; = AX; dt + K¢ (dZy — HX dt)
dsy
dt

= ... (Riccati equation)

Feedback Particle Filter:

dX; = a(Xt) dt + dB:
dz; = h(Xt) dt + dW;

P(X¢|Z:) ~ empirical dist. of {X',..., XN},
dX! = a(X?)dt 4+ dB}

: h(X}) +h
+ Ke(XH) o (dZs — %

VAN

{x',...,x"}

dt)

Challenge: Compute the gain function Kg¢(.) |

T. Yang, R. S. Laugesen, P. G. Mehta, and S. P. Meyn. Multivariable feedback particle filter, Automatica, 2015
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Gain Function
Examples

Gaussian distribution
Linear observation

— Exact

K¢(z) = constant  (Kalman gain)
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Gain Function

Examples
Gaussian distribution Non-Gaussian distribution
Linear observation Nonlinear observation
! — Exact ! — Exact
° i
&) olx) / \

K¢(z) = constant  (Kalman gain) K¢(z) = ... (Nonlinear gain)
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Gain Function Approximation in FPF
Problem formulation

Gain function K¢(x) := V¢(x) where ¢ satisfies

Poisson equation: — %V (p(x)Vo(x)) = h(z) — h

m p is a probability density function

®m h is a real-valued function, h= /hpdx

R. S. Laugesen, P. G. Mehta, S. P. Meyn, and M. Raginsky. Poisson Equation in Nonlinear Filtering. SICON, 2015
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Gain Function Approximation in FPF
Problem formulation

Gain function K¢(x) := V¢(x) where ¢ satisfies

1
Poisson equation: — -V . (pV¢)="h
p

m p is a probability density function
®m h is a real-valued function,

Poisson equation also appears in:
= Simulation and optimization theory for Markov models [Meyn, Tweedie, 2012]

= Other filtering algorithms [Daum, et. al. 2010]

R. S. Laugesen, P. G. Mehta, S. P. Meyn, and M. Raginsky. Poisson Equation in Nonlinear Filtering. SICON, 2015
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Gain Function Approximation in FPF
Problem formulation

Gain function K¢(x) := V¢(x) where ¢ satisfies

1
Poisson equation: — -V . (pV¢)="h
p

m p is a probability density function

®m h is a real-valued function,

Problem:
Given: {X! ..., xN} ESs p

Find: {Vo(X1Y),...,Vo(XN)} (approximately)

Related work: [Berntorp, et. al. 2016],[Radhakrishnan, et. al. 2016 ]

R. S. Laugesen, P. G. Mehta, S. P. Meyn, and M. Raginsky. Poisson Equation in Nonlinear Filtering. SICON, 2015
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Method I: Galerkin Approximation

Write ¢ as linear combination of basis functions
p=cy1+... +cuPu

Construct an M-dimensional approximation of the Poisson equation

Solve the system of M linear equations for ¢ = [c1, ..., car]

— Exact

1 modes
v 3 modes
5 modes

o) ) /
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Method I: Galerkin Approximation

Write ¢ as linear combination of basis functions

p=c11+... +cmu¥m

Construct an M-dimensional approximation of the Poisson equation

Solve the system of M linear equations for ¢ = [c1, ..., car]

— Exact

« « 1modes
v 3 modes

4 4 5modes

o)

Issues:
m Choice of basis functions

u Gibbs phenomenon
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Method II: Kernel Approximation
Basic idea

Data: {Xl,..,,XN}iLdp

1 . .
Graph Laplacian: L:= —(I — D7'W), W;; = k(X% X7%)
€
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Method II: Kernel Approximation
Basic idea

Data: {Xx', ..., x"} h p
1 . .
Graph Laplacian: L:= —(I — D7'W), W;; = k(X% X7%)
€
Asymptotics of the graph Laplacian: [Belkin, 2003], [Coifman, Lafon, 2006], [Hein, 2007]

Lo — —1V~(pv¢) as N — o00,e >0
P

Leads to discretization of the Poisson equation |
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Method II: Kernel Approximation
Algorithm

m Form an N-dimensional approximation of the Poisson equation,

¢(X'> h(X‘)
f%V -(pVo) =h ~ L(xz,x:) = :

= Solve for {¢(X1),..., (XM}

i

de) / \
ny
47y
AN

x

A. Taghvaei, and P. G. Mehta, Gain Function Approximation in the Feedback Particle Filter, CDC, 2016 (submitted)
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Method II: Kernel Approximation
Algorithm

m Form an N-dimensional approximation of the Poisson equation,

o h(X‘)
f%V~ (pVo) =h ~ L(xz,x:) = :

= Solve for {¢(X1),..., (XM}

i

4= / \
)
7y
N

x

Issue: Computational cost (V is large)

A. Taghvaei, and P. G. Mehta, Gain Function Approximation in the Feedback Particle Filter, CDC, 2016 (submitted)
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Method II: Kernel Approximation
Algorithm

m Form an N-dimensional approximation of the Poisson equation,
B hexy
—V (Vo) =h = Lo || 1 =] ¢
by | Lhoey
= Solve for {¢(X1h),...,¢(XM)}

i

() / \

i
47y

°3 =2 -

x

Issue: Computational cost (IV is large) — Use sparsity of L (future work)

A. Taghvaei, and P. G. Mehta, Gain Function Approximation in the Feedback Particle Filter, CDC, 2016 (submitted)
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Final slide

Thank you!
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Method II: Kernel Approximation
Idea behind the proof

of(t,x)
ot

Kernel solution: fi,z) = /g(t,cc, y)f(0,y)dy (1)

Heat equation: Af(t,z) =

(1), £(0,z) = ¢(z) (1)
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Method II: Kernel Approximation
Idea behind the proof

8f(t z)

Heat equation: Af(t,z) = (1), £0,z) =¢(=) (1)

Kernel solution: fi,z) = /g(t,:c, y)f(0,y)dy (1)

Kernel approximation of A¢

(1 = Af0,2)~ *( (t,z) — f(0,2))

1)

2 a0~ %( [ ott..9)70,9)dy - 5(0.2)

D ag) = 1 / ot 2, 9)6() dy — $(x))
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Method II: Kernel Approximation
Idea behind the proof

6f(t z)

Weighted Heat equation: A, f(t,z) = (1), f(0,z) = ¢(z) (1)

Weighted Kernel solution: f,z) ~ /gp(t,ar:7 y)f(0,y)p(y)dy (111)

Kernel approximation of A,¢

) = Af00)~ 1(ft2) - £0,0)

1)

D 8,50.0) ~ ([ 952,570, 0)0(0) dy — £(0,2)

W A~ %(/ 90t 2, y)d(y)p(y) dy — ¢(z))
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Method II: Kernel Approximation
Idea behind the proof

6f(t z)

Weighted Heat equation: A, f(t,z) = (1), f(0,z) = ¢(z) (1)

Weighted Kernel solution: f,z) ~ /gp(t,ar:7 y)f(0,y)p(y)dy (111)

Kernel approximation of A,¢

) = Af00)~ 1(ft2) - £0,0)

1)

D 8,50.0) ~ ([ 952,570, 0)0(0) dy — £(0,2)

D a0 ~ ([ 90t 208wl dy - 6(2)

Empirical approximation A,¢

Ay zgpaxXJ X3) — ¢(x))
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Numerical Results

FPF (Kernel)

[~ « Particles —— True state’
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