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Control of Probability Distributions

Fundamental problem in control:
find u; = k(t, )

Lo e
S.t. Xt — AXt + B’U,t

What if xp, X1 are characterized by probability distributions?

Fo find wu; = k(¢, x) P

S.t. Xt — AXt + But
or dX; = AX;dt + B(u;dt + edW;)

Motivation: Swarm control, stochastic thermodynamics,. ..
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(Hao et. al. 2022; Movilla Miangolarra 2023)

Problem formulation

Model:
dXt — AXt dt + B(Ut dt + Gth) (*)

» X;lIs the state
» U; Is the control input
» W, is the Brownian motion

Objective:

Given a pair of distribution: (Po, P1)

Find a feedback control law: u; = k(t, X})

Flow matching methodology for generative models
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(a) Data. (b) Path design. (c) Training. (d) Sampling.

» A special case of (x), where A=0, B=1/,and e =0.

dX
Ttt Xo ~ Phnitial

» Construct a probability flow {P;;0 < t < 1} s.t. (Po = Pinitiati, P1 = Prarget)
» Standard choice: linear interpolation

Xf=01-tx+1ty, z=(x,y) ~ N := Piitia ® Prarget
» Feedback control law u; = k(t, X;):
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Proposed methodology
Step 1: Construct stochastic interpolants for (x)

z=(x,y) e R" x R", and (%)
Uy = kz(t, Xt)
s.t. Xo=x,Xq= y

Given:

Find a feedback control law:

Solution:

KZ(t,x) = BTel"=04 o1 (y — el=04x) where

Resulting trajectory:
T 1
X7 L ex + 0,004 0 1 (y — ex) + eX2G,

lllustration with three examples:
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Step 2: Apply the flow matching methodology to the probability flow X7 defined in (xx).

Feedback control law:

k(t,&) = E[k*(t, X7)| X7 =¢]
Numerical approximation:
N
_ 1 _ : j j
min E[[ (2, Xi) — k(X7 )[|%] ~ arg min = > Ikt XF) — K2 (8, X7)|2
ked i—1

with N independent samples of the pair z/ = (x', y') ~ T

Theoretical justifications
Justification for step 1:

Consider the uncontrolled process X; satisfying
d)N(t — —A)N(t dt + EBth,

Then, X; ~ N(m;, Q;), with m; = e Ay, and

)N(O:y.

t
T T
Q; = ¢ / e "BB'e " = e Moo
0

The time-reversal X; := X;_; satisfies the SDE

dX; = AX;dt + eBdW; — BB Q. (X; — my ) dt.
Note that, by construction, X; = X, = y. This is true starting from any initial point X, = x.
Justification for step 2:

We show X; defined by dX; = AX; + Bl_((t, Xi) dt + Be dW;, and X7 have the same distribution. For any a
smooth and bounded test function f : R" — R:

It6 rule — %E[f(Xt)] = E[V(X)(AX; + Bk(t, X)) + €2 Tr(BBV2f(X;)]

Numerical demonstrations

exact target density transported density
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Numerical result: High-dimensinal systems
Mass-spring model
0, | 0
o[% ) e,
[—T, —lpxp loxp

T € RP*Pis a Toeplitz matrix with 2 on main diagonal and -1 on the first super and
sub-diagnal. System dimension n=2p
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Conclusion

Main contribution: A novel flow matching framework within the context of deterministic

and stochastic linear control systems.

Feature:

» High effectiveness in achieving distribution alignment
» Robustness across varying system parameters
» Scalability to diverse classes of distributions

Future directions:

dXtZ Z n
k(t,6) =E | = 1X0 =&, V(£,§) € [0.1] xR
d .
» Approximate k(t, -) through least-squares regression: G E(X0)] = E[VI(XE)(AXE + BK*(t, X7))) + e Tr(BB' V(X7
dX? Tower property — = E[VF(X?)(AX? + BE[K?(t, X7)|X7?]) + €2 Tr(BB' V2f(X?)]

min B[ | K(t, X7) -

2
Tl — E[VA(X?)(AXZ + Bk(t, X?)) + & Tr(BB" V2f(X?)]

» Extending the approach to control-affine systems
» Incorporating state constraints
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