
-00£ : use Lyapunov method for Convergence
analysis of optimization algorithms

-

Assume
, you like to

find the minimizer of the function Ji.IR?dR

min

✗ c-Irn
¥ → training Nae

-

A classical alg. is gradient descent :(we assume J is differentiable )

✗
K+,
= ✗K - YITJCXK )

↳ Step - size

-
In the Cmt. time limit , as yao ,

this update converges

to gradient flow :

I = -11-80×3

-
We will use Lyapunov method to analyze convergence of

gradient flow → gives insight about come. of grad. descent.
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- Any global minimizer ✗
*
is a critical point

1T£ CF)- o → 1st - order necessary condition

for ⑧ptimality .

-
Our goal is to analyze the convergence of gradient flow

under different assumptions on the obj . function Jca)

Case] : No assumption

Carl : radially unbolt
Cases : Career

Case4 : gradient dominance
cases : strongly canned .



Case] : Calo assumption on J)
-

- let VCXI = Jcx) - JCM ,
then

¥84)
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- Integrating with respect to time :
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Casey : ↳ is radially unbdd)

- In this case
,
V44 - JCM - J C✗←) is a radially unhobf

function and ICN e -☒Faith ≤ ☐ Hx .

-2 all solutions are bounded

LaSalle
€0 ✗CH → E- {✗c.ir?pgq, ,}

→ largest invariant
set in E is E

☆ Xcti cmxcrges to a critical print !
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- We can do the linearization procedure to obtain

local convergence regimes , and local canneryone rates.



Convex analysis
__

: [Rockafellow]
A

- I :/R'→ IR is convex if %
Fai F( ✗ ✗ +4 -HY)

Fix ✗ a-Hy ) ≤ 780×1+(1-+184) , Hay EIR
"

Ht c- [on]

-
A cmreex tune is always locally Lip. on its domain (diff almost )

everywhere

-

If F is diff. everywhere, then

FCY)≥ Jcx) + ITJCXICY-x ) , Hx,yE1R
"

↳
graph lies aboveitstangorts
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-
For canted functions 2

all critical points one global minimizer

why?

11-86×1=0 -4 Fly, ≥ -8cm Hy → ✗ is glihd minimizer



C.ee?.oei-3 : CJ is canned )

-
Take Vct,x ] = 12-11×-11%-1 1- (Jax) - Jc✗%)

-
Then

, Vct,✗Ca) = #It - ✗*Fc- 4-Fcxcxi) → Jcxcti) - Jc×*)

-
1- Attracts)Ñ ≤ o

- Integrating : Vatican ≤ Vco, Xan) = 1-2 Uxcm -11*11
"
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- JCM) ≤ j-untt-t.cn 11? H ✗

-

Coset % (F is not convex
,
but satisfies PL condition )

-

-
Take Vcx] = JCX ) - Jc✗←) , then

% Vcxau ) = - 1111-8*111? ≤ -2µVHail

comparison Vc✗cµ, e-
2ⁿᵈ
Kxan)←•

Lennon

☆ Faa) - Jail ≤ e-
""
( Jaxa )-Jcx%)

to
exp . convergence



Strongly convex functions :
-2

- J : IÑ-AIR is µ - strongly camera if

Joy) ≥ -8cal -1 11-8*1 ( 4-×) -1%-114-11112

Cased
.

: CJ is strongly omeea)

- let 11cm = f- AX - ✗*112 →

dat VCXCH) = ITJcxcti) ( ✗& ✗cts)

- Strong Convexity condition for Y=x* and ✗exam implies

Ñ8c✗uy) (✗4- ✗as) ≤ JCM) -8C✗a) - 1%11%+1 -✗912
¥ É+

.

≤ -µ Vcxcxi)

☆ diktat ≤→ Vacay → Van ≤ e-
""
Vcxa,

→ uxai-x.fi
cap . Convergence !



Remark_ :
- Strang Caneeoritey =D PL

gone
Ph functions are not canned

,
and cmeea function

summary:
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