
Review :
-

Parti : intro to nonlinear Sys .

- dyn . sgs . I = fcx )

- eqlb . point fcx) - o

-
Phase

. portrait method → gone far 1- or 2- dim systems.

• ifcxl A

←••→a ybI9↑
D✗ ↑•↑a↓

c-

1-dim
. Sys .

2-dim. STS.

- Linearization around cglb . I :

explains the¥ - AZ where A- Of
☒
CI)

local behaviour

I is A. 5 . if A- is Hurwitz

it is actually exp . stable!



-
Existence and uniqueness : % zfcx]

.
✗ cos -Xo

• if F is Lip. on Brcx ,) → 3! solution for c- c- [so]

• if f- is globally Lip . -6 7 ! solution for •Ht .

as
if f- is lip . an Dant solution river exits D -07! solution

- Lipschitz functions : Fis Lip . m D if 3L>os.t.fm all t .

117cm - Kyu ≤ 1-11×-41

check lip . by showing 11%-0×111 ≤ 1- Hx c- W antes set .

- perturbation analysis :

I = fct , ×) ✗ in a Xo

is fctrp + 81441 4cm - Yo

① f- is globally Lip . (with const . L )

③ g is uniformly bounded (with cans. M)

→ 11×1+1 - YAN ≤ CHIH. -1611 + MI ce
"
-1)



- Comparison lemma : ✗ its c-IR

£1T) ≤ fctitcti ) -D ✗a) ≤ Bet, where Bits efct/Pay
✗ cat ≤ Bo Bao Po

-
13-0 lemma :

1- t
✗ (t) E f acsstcssds a ✗

◦ * f. Ucsids
◦%

→ ✗ its ≤ bars ✗◦ + [ ctisucnds
o
-

e
#side

- Integral representation of
'

✗ <fcxi

✗ Its - ✗on + f) fcxcss) ds -p useful for

analysis



Examine :

% ≥ / -1-2×+15 sina.ly
-1-2×2 -1-3 sing

① find ealb . points

-1-2 × , a 1-3 5inch) -o ⇒ ✗
, = 235inch) -

-↳ ×, -1,5inch ) 20 → ✗ 22-2-3 since,) -

✗
2g

eqlb. point are the. intersection of § one eqlb . paint

these tw graphs . ×.

* F- [? ] is the only cab . point

② linearization:

¥
,
> [
" " """"

] •¥# [
± ±

]
-tarsal -t -t -¥
-

HurwitzIf I20 is etp . stable .



③ is f Lip . ?

11¥
, calla ≤ man ( ¥+1 c.scan , talks#if ≤ 3-2

☆ f- is globally Lip .

⑨ does a unique sit . exist? yes, and for all t≥ ◦ .

⑤ Can we obtain a bound on 11✗calla assuming Ma, 1. ?

✗a-I = ✗on + f) folks,) - fan ds

=D 11×01^111 ≤ 11ha,11*9+11 fish - fc.nl/ds
¥ ☒

1-

≤ I + S 1- It ✗co - ◦ lids
6
✗◦ °a¥

,
&

, Ucsi - o

B-0
→ 11*4-111 ≤ eᵗᵗ = e%ᵗ



Partly: %=fcx )
- stability analysis for an eglb . point I.

- Who -0, assume I-0 (by changing the frame)

-
If

you
find a fune.TT:112?alRs.t.TTcxizoV-x--o

① TECH ≤ o HXGD stable
-

ikxifcx,
∅

contains 0

③ Ñcn<o HXGD
→ AS

✗to

③ Ñcx1< o HAGIN
✗to

⇔ GAS
radius • f- a ball

and it is radially wnbdd inside D P
•HER

② a. 11×4%-112×1 ≤ azllxl.ie

↑HxGD -8 exp. stable1%0×1 ≤ - azllxu
≥

- it
11×1+111 ≤ Ce Mail if 11km110

③ ☐ 2112
"

gbhatkyexp . stable
11×4-11 ≤ ce-ttllxc.it It ✗on GIR

"

✓ ↓÷
.



-
LaSalle's invariance principle :

bounded
P

• assume ✗cts e-A Ht and Ñcx] ≤o 4- ✗ c-A .

→ ✗cti → M ≤ F- ={ ✗ c-A ;Ñcxs=◦ }
to

largest invariant subset.

+ Consider the same setting as in①

if the only solution that remains in E is ✗Cts - o Ht .

then Ieo is A. S .

-
Other conclusions from Lyapunov fine if ¥1M ≤ o HX

-2 all sub
-
level sets of JT are invariant sets

→ ✗ cts is bold if IT is radially unbdd.



- Finding Lyapunov Fine. for 1in . syi . Ñ=A✗ .

Thx , - ✗%P☒ where B 40 and solves

ATP +BA a Q =D → it has a unique p.cl .
-

@ 40 Solution iff A is Hurwitz

→ Écx ) - - ✗TQX < o Hx-40

- Application to nearly 1in . sys . :

I - Ax -18cm-• 1×1%1%1,1 - ◦-

stable

-8 ✗ =D is exp. Stable

Use Thx, > ✗TRX where AÉPA+Qeo

and show Ñc✗, so if 11×4 is small .

- Application to gradient flow : Ñ= -178cm
• min 11178 Casini ≤ ¥

SEGA]

• Jcxcti) - mint ≤ £ it J is Canxex .

• Jcxcti) - Ming ≤ egé×ᵗ if 8 is gradient c-dominant.

• 11×4-1 - ✗* IT ≤ cé
"
if I is strongly carved.



Examples :

-
Consider gradient flow % = - 4-Jcx) .

① assume Jay > c if 11×11 >K

and 8cm ≤ c if 11×1 / ≤ r. } *

show that 11 ✗A)Herz Ht if 11×6111 ≤ r

let JCX) be candidate Lyapunov tune . Then

¥411 = -11178cm 11? ≤ o HX

-0 all subtext sets are invariant

take the _- { ✗ c- IR
"

; Jcm ≤ c}

+
Br
.

then #-) Brian c- the c- BIG) ere

therefore if 11×6,11 ≤ r, # Xc C-Brat =D ✗Cal C-the =D

✗CHEA
,
Ht → ✗a) C- Braces -411×4411 ≤ V2



② assume I is a local minimizer, that is to say

ITFCI)eo and ✗min (1%80×9) > o

show I is exp . stable
.

linearization around I : 2- - AZ

when A- -9×-41-8)

= -1728cg
A- is Hurwitz because

Imax (A) e- 4min (11-280×9)<0

→ exp . stable .



③ how to calculate convergence region if ÑJ is L
- Lipschitz ,?



part#:
-

- input-output sys .

I _ fcx.us ¥→Y
Y =hcxie)

fco
, a) = o , hco, 9) 20

- input-output stability (with finite gain)

11411
,
_

≤ 811 UH ,_ + c

✓
signal g¥m smallest possible canst . is gain .

-
1-
2- gain of a 1in . Sys . Meet A/Fcjw)H

,W

T
transfer fume

.

- Lyapunne method :

E- ≤ Inari -15114112

ED ↳ - stable wit gain 8 ≤ ¥



- passive memory less systems _Ñ→

passive ◦ ≤ My

%:*:
outputs .p .

◦ ≤ MY -4%

input s.pro ≤ UTY - Mug
hasÉ%⇔:

- Special case : outputs .p . with ✗(y) = ¥4 Ka > Ki

and input 5. p. with Ku) - kill

then we say
h belongs to%

""

the sector [Kiska]



- dynamic passive says : Fid TIKI s.t.TK/1zo1tx
TTG) - o

passive 1% ≤ uty

output S.p. Ñ≤ city _ My)

s.p. Ñ≤ v9 - Wan,

- passivity and stability : when u-o

passive → stable

5. p . → A. S .

output s . p. 1- Zero - state am → A. 5
.

- passivity and input-outputstability :

É≤ UTI -8114112 → ↳- stable with t≤ f-



-
Feedback systems :

iO€d→ ?
↑
- I

☆t.gl/2/---#fD-dUz
.

-
small gain thm :

It , is 2-- stable with quint,

Hz # a tie -0 feedback sys

8,62 < 1 is L - stable .

- Passivity :

• Hi and Hi
.

are passive → stable feedback syz.
When u-0

• It , and Hr are either sp . or output SP - + Zero - state obs.

• A. 5 .
feedback sys .

•
Ñ

, ≤ UTY, - 4114112 -8,114,112

¥2 ≤uiy - Ezlluil
' -8211kW → ↳ stable feedback

system .

Ee -18270 and Ez +8, > ☐



Examine :

-
Consider the agixefcx.ws

Yehca , }H
-
Assume

① passive with radially unbdd storage fame .

② Zero - State orbs
.

⇔.

Then ✗ - o is -68*5 with output ¥Eed back control

a- - key) if ytkcy, so it y≠o

-
To see this

, use the storage fane . of H as a candidate

Lyapunov fume .
1

• Passivity
TT≤ city = _ ytkcy, c. ☐ it 41=0

→ Lassalle + zero- state .ws#DA.S .

→ GAS .

radially unbolt


