
part#:
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- input-output sys .

I _ fcx.us ¥→Y
Y =hc✗M)

fco
, a) = o , hco, 9) 20

- input-output stability (with finite gain)

11411
,
_

≤ 811 UH ,_ + c

✓
signal g¥m smallest possible canst . is gain .

-
1-
2- gain of a 1in . Sys . Meet A/Fcjw)H

,w

Catherines A- is Hurwitz) d-
transfer fume

.

- Lyapunov method :

it ≤ Inari -15114112

ED ↳ - stable wit gain 8 ≤



- passive memory less systems _Ñ→

passive ◦ ≤ My

%:*:
outputs .p .

◦ ≤ MY -4%

input s.pro ≤ UTY - Mug
hasÉ%⇔:

- Special case : outputs .p . with ✗(y) = ¥4 Ka > Ki

and input 5. p. with Ku) - kill

then we say
h belongs to%

""

the sector [Kiska]



- dynamic passive says : Fid TIKI s.t.TK/1zo1tx
TTG) - o

passive 1% ≤ uty

output S.p. Ñ≤ city _ My)

s.p. Ñ≤ v9 - Wan,

- passivity and stability : when u-o

passive → stable

5. p . → A. S .

output s . p. 1- Zero - state am → A. 5
.

- passivity and input-outputstability :

É≤ UTI -8114112 → ↳- stable with t≤ f-



-
Feedback systems :

iO€d→ ?
↑
- I

☆t.gl/2/---#fD-dUz
.

-
small gain thm :

It , is 2-- Stable with quint,

and Hz # a tie -0 feedback Sys

and 8,62 < 1 is L - stable .

- Passivity :

• Hi and It≥ are passive → stable feedback syz.
When u-0

• It , and Hr are either sp . or output SP - → Zero - state obs.

• A. 5 .
feedback sys .

•
Ñ

, ≤ UTY, - 4114112 -8,114,112

¥2 ≤uiy - Email
' -8211kW → ↳ stable feedback

system .

Ee -18270 and Ez +8, > ☐



Examine :

-
Consider the agixefcx.ws

Yehca , }H
-
Assume

① passive with radially unbdd storage fame .

② Zero - State orbs
.

⇔.

Then ✗ - o is -68*5 with output ¥Eed back control

a- - key) if ytkcy, so it y≠o

-
To see this

, use the storage fane . of H as a candidate

Lyapunov fume .
1

• Passivity
TT≤ city = _ ytkcy, c. ☐ it 41=0

→ Lassalle + zero- state .ws#DA.S .

→ GAS .

radially unbolt



Cantmllyapunnehhenetims :

-
Consider the Sys .

% = fcxie )
assume fco, O ) - o

- Objective : design a control law uokcx) to make

the
sys . A. 5 .

Examples :

① Ñ
= ✗

"

+ ✗ u
,

✗MEIR

let U=Kc✗) = - ✗ - I

→ % - ✗2×(-11-1) e- ✗ → GAS .

what if we want Kcoseo so that we do not

input is zero when ✗ - o



let U ≥ Kunz - X - X
"

→ I = ×
"
_ ✗C-✗ -✗2) e- ✗3 → GAS .

③ I = ✗ + Ru

let u> ka, > {
¥ ✗ to

→ Not continuous

0 Xero control law

to I - - ✗ → GAS . ↓
intact it can beshown

that it is impossible
to stabilize this

with a Cmt. Cmtrl law

③ I ≥ ✗ × Ñc✗-44

→ impossible to stabilize because there is

no control authority when ✗ -1 .

→ How to design stabilizing control lanes? * Lyapunov
functions .



Det-o.TF.IR
"

-0112 is a control Lyapunov fine cat)

for '

✗ = fcxie) if tf is pnd . and

1min Ñc✗,u ) 20 16×1--0
•

y-vc✗÷fcXM)
or 4×40,34 S.t. Ñc✗ie) 20

- let them ± { U ; Éc✗,u)< o } → set of all

control inputs

-
Then

,
for

any control law that decrease it

5.t . Kcx) C- that HX
,
the Sys. becomes A. 5 .

because Ñc✗
, Kcal < o

-

We will focus on the special class of control affine

systems → we will give simple condition to#eok

CLF conditions↳ we will give an analytical formula for Kan



Gntmlatfinesystensi

(**) I = fcxixgcxiu

where ✗ End, foxier? Gas c- IRM? UGIRM

E⇔ : /
" """ '
7. [ + [

×?

✗i-ascx.su
,

◦ a%if[%]
¥ Tatu

Lemmy :

4- is a CLF for [* iff

* ✗ to s.t.IE/Fgcx1--o , we have lttkxifcxko

Thing.

Suppose c*←) has a CLF. Then, 3 feedback control law Kcal

that makes CAA A. S. . And K is c
'

away from 0 .



Sontag 's formula for Kans :

define box , = 4-Trcxstgcx) C- IRM

ACX) - Ita fcx ) C- IR

✗cx, = acxi-A.IT#x-b41lbcxi1l?

then

kcx, = {
- ✗c" box) if box, #◦

e o else


