
Review : So far
-
we introduced dyn . sys . I =fcx)

-
And learned phase portrait method

- Today : linearization
explains local behavior ofananlinewstembyalinexrsystem.FI

Plan for today :

-
review 1in . sys .

- Taylor expansion

-
Linearization procedure

- Stability result .



Rewinding :

1-dimexa-mpea.X-axrbm.mg in
bank

↳ interest rate / inflation rate
+ -

-
The solution is explicitly known :

ta
✗ A) ee ✗ ca] because

d
✗cts - ÉYXCA, = a etalon = axct)

-
The sign of a determines asymptotic behavior

as 1- → or
a> o

-
if a> ◦ : ✗ its → •

%._<§
A

-
if azo : ✗ cts = ✗co ) f

- if a <o : ✗ It ) → 0



-

This observation almost holds in multi demensind

case as well.

MuHi_dimlinarsI :

- suppose you want to
model the ebgn .

over a network of n agents ( sensor network
Aborts , power

grief
- let ✗ ict) denote the sate of i'th agent
at time t .

- Its dynamics is linearly related to the state of
other agents . An' ☐•

✗2

✗j" As}n A" A
,,Ici ) = I Aijxjit) G•A[% ✗
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jet A-3

- We can represent it in matrix- vector irritation :

Au - r - Ain
ix. {

"
'
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. . a.×:* / =/ :
#

✗not,



-

The solution is explicitly known in terms of matrix
exponential :

0A

✗its - eᵗA✗a, ad_e=Aeᵗᵗ)
why?

0A
✗a) = ÉA ✗case Ae ✗case AND I

-

The asymptotic behavior of ✗ct) depends

on the eigenvalues of A .

C-

-
Me say A is Hurwitz if all eig. values-

have negative real part :
-

Reck) Lo
,
H eiy. value 7

-

Main result in 1in. syl. theory :

linn Xctleo
,
It ✗as ☆D A is Hwrwits

too



- Example :

at Azt

① A > [
" °

] ☆ ✗it] ≥ Ge + Cae
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a' < ◦
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rotate scale = Gedtsincbt) + Czeascbt

a A a > o
b 9=0
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③ A > [oak ] - ✗ it)=¢ , -1Gt)Éᵗ
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✗
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•
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¥? *D→¥ : * →



FIWTytmswbupmi-m.CI -dim

-

f:/R → IR , and f c- C2→
twice diff .

with Cmt. derivative

Then
,

f- ex - I)=-¥+fÉ-)- ◦ (1×-512)
-

A

÷;""¥"⇒
f-CI,

- Extension to multi- dim .
f- a.IR
"

AIR
"

I



I-irst-order-aylorseries-eapan.im:(multi - din

-

f:/R
"

-01km
,
and f- c- E .

Then
,

norm

9f ex - I ] = FCI) + of CI) (X -F) to (11×-511)
a- -

linear part
where

¥
.

. :÷ . - → ¥
.
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¥
d ✗
m

man

↓
Jacobian

-

With this results
, we are ready to formalize

the linearization procedure :



-

linearization of a general nonlinear dyn .

system:

I = fcxl , f :1Ñ→Ñ

- Say I is an eqlb . point
A

÷therefore FCI) - o •

-
define Zct) - Xct-I and assume 2- is small

.

§ ≥ f- ( I-12-7 ignore because

Taylor expansion
it is small

= f (F) + ITFCI) 2- + 01117112)
oh A-

⇐ AZ

-0

'

×≥ fan, linearize É -AZ wherefcIs=o%Aeñt]



Examples : C pendulum?

I = 1×2
-wising _ ✗ ×, ] -

fax,

- eqlb . points

fcxi-o-DI.FI] or ñ ≥ / I]

-
linewize around I≥ [ ? ]

ltfcxs ≥ /
° '

] • itfcx) - f
° '

-wkoscx.io -w
'
-0
]

linearization I

→ E- = [
°

-w
'
→
]≥

-
Around I-[?] : vtfcx) - [

° '

why]

→ Ze [% 2-



-
So what? after linearization we use our
-

knowledge from ¥3s . theory to conclude

about local behavior of nonlinear Sys .
c-

-

-



pendelwm example (continued) :
-

- eqlb . point 1 : I:[ I ]

• ¥ -AZ with A ≥ [
° I

-

wz -o
]

chceratenisteg . ? I-184 +w2=o

a

stable in✗ got In
both casesb ✗

?

←
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•

• •

Re
→ ¥⑤€ •

if 8 >2W

- eqlb . paint 21. I ≥ [ ]

☆ 3- • Az with A > [ % ! ]
char . eq . ? 12+8,1 - wires
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the



Tim :

-

let IT be eqlb . point of
'

✗=fcx) and

Azltfcx) .

r

① if Rech) <o for all eig . values of A-

then I is A. S .

" if Rech ) > ◦ for
any eig . value

of A

ten I is not " stable
"

③ if Reiko for all but Readers for some

a'g. values of A . then no canekesim Can

be made !


