
Goal : introduce Lyapunov method
for stability analysis

- Stability is an important Concept in design

of engineering systems .

-

The stabilityof linear systems is well understand

i.Ax is stable ⇔ A is Hurwitz

-
For stability analysis of nonlinear systems , we need a

new tool
→ Lyapunov method

↳ general and powerful method

to ensure stability .

- We start by introducing different motions of

stability that might occur in a nonlinear Sys .



Definiinitimsofstability.

-
Consider the dyn . sys . I _ fcx) with eqlb .

point I , i.e . FCI)=o . -0 Who -0 assume 5=0

③ Globally Asymptotically Stable GAS)

tim 11 ✗ its /1--0 , It ✗ co) C-112
"

[ too

• starting from any initial condition, all trajectories
converge to the eqlb . point.
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¥4 so



② Asymptotically stable :(AS ) :
stable and

38>0 S.t. Iim 11×4-11=0,
if 11 ✗cash ≤ I

tooo[
◦ all trajectories converge to eqlb . if they start
close enough . &

I

t.FI. •

① Stable CS) :

HE > 0, -38 > o S.t. 11 ✗call ≤ E
,
if 1111cm / I ≤ 8

[
all trajectories remain arbitrary oboe to eqlb .
if they start close enough

A

Remark !
✗It •

GAS -0 As -45
•



Examples :

! # = - ✗

eqhb . point 5=0 → GAS

⑦ 1in
. sys . : I = AX

A is Hurwitz *> GAS

⑤ pendulum :

1; [
"

- 8×2 - W'sing,]
(e)

- Eqlb . points : I -13 ] or É:'(I]

- by looking at phase _ portrait :
• if 8>◦ ⇒ I'

"
is AS and ✗

"'
is not stable

• if too → I
"
is S and F' is not stable



-

In the pendulum example, we used phase-portrait

to conclude about stability .

- Alternatively , we can use energy concepts

to reach the same result .

-

Define the energy function : •

×
,VCX ) = 1-2×5 -1W

>
( I - Cas CAD

- -

gravitational"""""

potential energy
---

- -

??↓ ' - '" ""'

energy

•
positive and takes its minimum value at

eqlb . point I-[;]



Al-ain: in order to study convergence to eqlb - ,

we study how does energy change with time

Vcxcti) = [ { ✗Icts -1 W' a- cascara])]

= ✗act]
'

✗zoo] + wʰ sina.co ) ×
"

,
Ct)

= -8×2 Ctf -w¥X , Cti )

+wHt ✗alt)

= -8 ✗actin

• if 6 > o , then Vcxct)) < o unless ✗Cts - 0

=D VCXCTI) decreases unless ✗ its 20

→ 1/(114-1) -6 0 {will presenta rigorous argument

☆ ✗ Lt)-60 later
.

As



• if f- 0 , then VCX cts ) = O

-D VCXCTI) remains constant with

time

☆ ✗co) maxes along contours of Vox)

and contours can be arbitrary small depending
on initial condition

→ stable

-
Functions that behave like this energy

function are

called Lyapunov functions .



↳yapunnlfunetims_ % Continuously differentiable

9

-
Let IT:1R^_ñR be e '

④ We say
IT is positive definite Cpd.) if

TTCX) > o 1-1×-1-0 and Uco ) =D

③We say
TJ is radially unbounded if

precis.dg§%✗
) → • as Hal → •

more

*:-/M>% Fr >0 S.t. T↑cN%M if 11×11≥r

%_n↑•Example : p.de

- Tiina ✗Fax? → radially •%(••wnbdd %-Him a ×?✗Ñ -12×1×2 not p.cl .

- ✗2)
2

hit radially
unbld



- Consider the dynamics I = foal .

③ rate of change of Vcxcti) along the trajectory is

Kxan = ITcxctiffcxc.fi)
Éc✗É

we define the function Ñc✗) : - ITcxifcx)
to

sometimes
it is denoted %: IR

"

# IR

by Lf Vox)
to

explicitly emphasize

the dependence
on
fax>

Example : I = - ✗ and 4cm - ×
"

Fan

Ep CX) z ITVaffairs - 2 ✗ C- ×) z - 2×2



-hm_1:

-

Assume I- so is an eqlb . point for É=fc×)

-
And there exists a p.de C' function Tf:/R

"
-DIR

9

- Define #Cx) = IT-VcxFfc✗) no llcxctslzilcxct;)

③ if icx) so 4- ✗ c- 112^1/0} and VCN→oasH✗u→o-
radially unbounded

then Iao is ② AS

no open set containing 0

② if icx > <o H ✗ C- / {o}

then I-0 is AS

① if icxno It ✗ c-☐

then Izu is s



Remal the result states that if you find a Lyapunov fine.

then
you can conclude

about the stability , but does not tell how to find

Lyapunov function .

Eliane :
A Vox)

① É= - ✗
,

11cm = ✗2 b¥
Has > 0 It ✗ ¢-0 and Vca) - o ED p.cl .✓

VCN → • as 1×1→ • Be radially unbdd

ilcx ) = 2X C-×) = -2×2<0 4×1--0 =D GAS .

② pendulum :

Vox ) = {✗I+ Wha - Casali) → p.d./

ilex ) = -8×5 ≤o → stable

need more to conclude about AS .


